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Plan of the talk

Interaction Hamiltonian
single quantum particle on the quantum gravitational field
- construction and proprieties -

B comparison with Graph Theory
our Hamiltonian provides (up to a certain approximation)
the same objects already studied in Graph Theory

H Loop Quantum Thermodynamics
this Hamiltonian is a tool to construct statistical objects in LQG
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LQG+particle Hamiltonian

Quantum theory

Dynamics

References:

2004 The Laplacian of a graph as a density matrix: a basic combinatorial approach
to separability of mixed states. Braunstein, Ghosh, Severini. quant-ph/0406165

2008 The Von Neumann entropy of networks. Passerini, Severini. 0812.2597

r=(N,L) undirected simple graph
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LQG+particle Hamiltonian

References:

2004 The Laplacian of a graph as a density matrix: a basic combinatorial approach
to separability of mixed states. Braunstein, Ghosh, Severini. quant-ph/0406165

2008 The Von Neumann entropy of networks. Passerini, Severini. 0812.2597

r=(N,L) undirected simple graph

Adjacency  [A(MN)]am=11i {n,m} € L(T') and [A(T)]s,v = O otherwise
Degree  [A(I)]n,n := dn = # links adjacent to the node n

Laplacian  L(I) := A(I) — A(I")

Francesca Vidotto Loop Quantum Thermodynamics



LQG+particle Hamiltonian

References:

2004 The Laplacian of a graph as a density matrix: a basic combinatorial approach
to separability of mixed states. Braunstein, Ghosh, Severini. quant-ph/0406165

2008 The Von Neumann entropy of networks. Passerini, Severini. 0812.2597

r=(N,L) undirected simple graph

Adjacency  [A(MN)]am=11i {n,m} € L(T') and [A(T)]s,v = O otherwise
Degree  [A(I)]n,n := dn = # links adjacent to the node n
Laplacian  L(T') := A(I') — A(T")

Density o= Lry  ry
Toar Tr(A())

Hermitian, positive semi-definite, trace-1

Entropy  S(I') = —Tr[pr log pr]
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LQG+particle Hamiltonian Quantum theory

Dynamics

Phase Space ( Qab(x), 7% (x), X2, Pa)

Hamiltonian constraint  C(x) = Hum(x) 4 63(x, X) Py
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LQG+particle Hamiltonian Quantum theory

Dynamics

Phase Space ( Qab(x), 7% (x), X2, Pa)
Hamiltonian constraint  C(x) = Huou(x) + 8°(x, X)Po Py = /P2 2 ~ m+ &

P? = g®(X)PaPs
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LQG+particle Hamiltonian Quantum theory

Dynamics

Phase Space  (qab(x), 7®(x), X2, Pa)
Hamiltonian constraint ~ C(x) = Huou(x) + 0°(x, X)Po Py = /P2 + m? ~ m+ &
P2 = g% (x) PPy

Pan
2m

H = / dx 6%(x, X) N(x) g% (X)
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LQG+particle Hamiltonian

Phase Space  (qab(x), 7% (x), X2, Pa)
Hamiltonian constraint ~ C(x) = Huou(x) + 63(x, X)Py  Po = /P? ~ 2 ~ m+ £
P2 = q*(x) PPy

Pan
2m

H= a*(X)
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LQG+particle Hamiltonian Quantum theory

Dynamics

connection variables
Phase Space (ga(x), 7®(x), X3, Pa) — (E¥(x), AL(x), X2, P)

Hamiltonian constraint ~ C(x) = Huou(x) + 83(x, X)Po Py = V/P? 1P ~ m+ 5o

P? — g (x)PaPs g (X) = EZ09ET00)
_ ab Pa Pb
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LQG+particle Hamiltonian Quantum theory

Dynamics

connection variables
Phase Space (qa(x), #®(x), X3, Ps) — (E¥(x), AL(x), X2, Py,)
Hamiltonian constraint ~ C(x) = Huou(x) + 83(x, X)Po Py = /P2 P ~ m+ &

P? = q*(x)PaP, g (X) = Ea’<§(>§;"‘<x>

EZ(X)EP(X) P, Py
q(X) 2m
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LQG+particle Hamiltonian Quantum theory

Dynamics

connection variables
Phase Space (ga(x), 7®(x), X3, Ps) — (E¥(x), AL(x), X2, P,)
Hamiltonian constraint ~ C(x) = Huou(x) + 83(x, X)Po Py = V/P? 1P ~ m+ 5o

P2 — g®(x)PaPy g(X) = E200E"00
E%(X)EP(X) Pa Py
q(X) 2m

pointlike nature of the particle — regularization by a smearing function

H= /dx fa(x, X)

1 3 H
fa(x, X) { " it |x—X| >R
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States

Spin network states  |s,x) =|s) ® | x) C Hiw®@Ho -

]Ip:/dx | x)(x]|
(xly)y = dxy)
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States

Spin network states |8, x) =|8) ®|x) C Hixw®@Ho -

Hp=/dxﬁ 1X)(x|

(x|y) = 5(x,y)

’
q(x)
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States restriction to the nodes

Spin network states  |s,x) =|s) ®|Xx) C HixQ@He .
L= [acva [x)(x
1
= §(x,
(x1y) NG ()
(s,x|s,x) = [dx (s|/als)[x)(x]
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States restriction to the nodes

Spin network states  |s,x) =|s) ®|Xx) C HixQ@He .
L= [acva [x)(x
1
= §(x,
(x1y) NG ()
(s,x|s,x) = [dx (s|/als)[x)(x]

the volume operator vanishes everywhere except at the nodes

vax)ls) = ZneN(s) Vn (X, Xn) | S)
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States restriction to the nodes

Spin network states  |s,x) =|s) ®|Xx) C HixQ@He .
L= [acva [x)(x
1
= §(x,
(x1y) NG ()
(s,x|s,x) = [dx (s|/als)[x)(x]

the volume operator vanishes everywhere except at the nodes

vax)ls) = ZneN(s) Vn (X, Xn) | S)
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States restriction to the nodes

Spin network states  |s,x) =|S)® | x) C His®@He -

L= [axva [ax] - (sllls) = > vl (x|

neN(s)
(xly) = 5(x,¥)
q(x)
(8, X0 |8, X ) = v S5Oy T=3"> nens vn| S %n ) (S, Xn

\/ |S = neN ) §(X7X’7)|S>
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum States for later convenience... | x) = ¢/q(x)|x)

Spin network states  |s,x) =|S)® | x) C His®@He -

HP:/dX\/Z? (x| = (sIks)= > vi|x){x]|

neN(s)

(xly) = 3(x,¥)

]
q(x)

(8% |8 Xy ) = Va2 Ssst Sy I=2"6> nens) Vi |8, Xn) (S, Xn|

\/ |S = neN ) §(X7X’7)|S>
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LQG+particle Hamiltonian Quantum theory

Dynamics

Quantum Operators

E%(x)|s) = nh S, [,dtE(t) 8(x, (1)) | 5.7')

ET(X)EY(x)|s) =
(KR)? g0 [odt [o,dt £2(1) 5" 8°(x, (1)) 8% (x, e(t'))je(je + 1) | 5)

Py = —ih D;  covariant derivative
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LQG+particle Hamiltonian Quantum theory

Dynamics

(5, |H|s,) Z /eoe+1>/ds/dt D0(E(S) o (1) TalE(5), €(1)
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LQG+particle Hamiltonian Quantum theory

Dynamics

(5, |H|s,) Z /eoe+1>/ds/dt D0(E(S) o (1) TalE(5), €(1)

Planck scale! A= [,ds dsp(L(s)) = (L) — ¥(L)
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LQG+particle Hamiltonian Quantum theory

Dynamics

B K2R
~ 2m

(s,9|H|s,¢) D Jelie +1) Bep Awp fa(l(s), (1)

L

Planck scale! Ay := [,ds Isy(€(s) = (&) — ¥(&)
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LQG+particle Hamiltonian Quantum theory

Dynamics

B K2R
~ 2m

(s,9|H|s,¢) D Jelie +1) Bep Awp fa(l(s), (1)

L

Planck scale! Ay := [,ds Isy(€(s) = (&) — ¥(&)

particle states
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LQG+particle Hamiltonian ST Y

Dynamics

(s,0|H|s,¢) = Z/e(/hw mmwvlﬁ

Planck scale! Aty == [,ds 0s(£(s)) = ¥(¢r) — 1(4)

particle states
1€)== [4)—4)

renormalization

(87h) fpl

H: 2m vg

> dele+1) s,£)(s.£]

s,les
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LQG+particle Hamiltonian Quantum theory

Dynamics

(s,0|H|s,¢) = Z/e(/hw mmwvlﬁ

Planck scale! Ay := [,ds Isy(€(s) = ¥(&r) — ¥(4)

particle states
1€)== |4) —|4)

renormalization

n2ey

H= 2m

D Jele+1) Is,£)(s. L]

s,les
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LQG+particle Hamiltonian Quantum theory

Dynamics

(s,0|H|s,¢) = Z/e(/hw mmwvlﬁ

Planck scale! Ay := [,ds Isy(€(s) = ¥(&r) — ¥(4)

particle states
1€)== |4) —|4)

renormalization

n2ey

H= 2m

D Jele+1) Is,£)(s. L]

s,les

Y Lo
trace-1 TrH = ;nf‘:‘ DoneN VD oen Je(e+ 1)

== e MU g

TrH ZneN Vn Zeen _/Z(]Z + 1)
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comparison with Graph Theory

Approximation!  j, all the same v, all the same

Adjacency
(nlplmpn = Z 8n.e; — On,6;)(Om,e; — Omye;)
14
- dlr(_” it {n,m} €S and [A(F)]u,y = O otherwise
Degree
(nlpl n)on = dlz(a ~bp =
Entropy

S = —Tr[plog p]
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comparison with Graph Theory

Approximation!  j, all the same v, all the same

Adjacency
(nlplmpn = z 8n.e; — On,6;)(Om,e; — Omye;)
¢
- dlr(_” it {n,m} €S and [A(F)]u,y = O otherwise
Degree
(nlpl n)on = dlz(a ~bp =
Entropy

S = —Tr[plog p] = Ssas
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Loop Quantum Thermodynamics

<E> mean energy of the particle on a gravitational field
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Loop Quantum Thermodynamics

<E> mean energy of the particle on a gravitational field

from a measure of the particle
(geometry known)
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Loop Quantum Thermodynamics

<E> mean energy of the particle on a gravitational field
from a measure of the particle from a measure of the geometry
(geometry known) (particle position known)
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Loop Quantum Thermodynamics

< E> =Tiw[H | mean energy of the particle on a gravitational field

[v) € He H = (y|H|v) operatorin s p= ﬁ e+
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Loop Quantum Thermodynamics

<E> =Tiw[H p] = —d(InZ)/dp  mean energy of the particle on a gravitational field

9) €M H=($IHIY) opemorinte  F= gy e

distribution that maximizes entropy S = —Tros[510g 3]

’
Partition function: 7 = TlLQc,[e_“’H ]
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Loop Quantum Thermodynamics

<E> =Tiw[H p] = —d(InZ)/dp  mean energy of the particle on a gravitational field

9) €M H=($IHIY) opemorinte  F= gy e

distribution that maximizes entropy S = —Trioc[pl0g 5] = log Z + p Thios[H’ e_“Hl]

’
Partition function: 7 = TlLQc,[e_“’H ]
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Loop Quantum Thermodynamics

<E> =Tiw[H p] = —d(InZ)/dp  mean energy of the particle on a gravitational field

9) €M H=($IHIY) opemorinte  F= gy e

distribution that maximizes entropy S = —Trioc[pl0g 5] = log Z + p Thios[H’ e_“Hl]
. . —pH’
Partition function: Z =Tig[e 7]

E
Z=Y.6 " where Es=Eods andtake E—% =p = Z(p) =Y e "
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Loop Quantum Thermodynamics

Partition Function Z(p) = > e 1 ds(p) = % =2
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Loop Quantum Thermodynamics

iy , . N
Partition Function Z(p) = Y.e v = (1 +e"‘N)
- —L
Energy Density ps(p) = ﬁe‘“ds = e w! (1 +e‘“%)
1  A—uds 1 d 2 p2) !
2
Ad =<d?> — <d>?= —Hetri (1 +e+“%)
Entropy

S =pn<d>-InZ(u) = u%L(1 +e+“%)_1len (1+e7%)
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Loop Quantum Thermodynamics

Conclusion and prospectives

Results: We have calculated a partition function, and from this other
statistical quantities... is this a first step through a viable
thermodynamics of the gravitational field?

Next steps are to extend this results to:

an arbitrary N (grand canonical analysis)
A arbitrary spins

B arbitrary intertwiners

Francesca Vidotto Loop Quantum Thermodynamics
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