
Quantum Field Theory 2: exer
ises for week 1

Exer
ise 1: generators for SU(N) and SO(N)

Consider the Lie group SU(N) with elements g = e

i�

a

T

a

, where �

a

are arbitrary real s
alar

parameters and T

a

are the independent generators of the asso
iated Lie algebra with fun-

damental 
ommutation relations

�

T
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; T
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�

= if

ab


T




. In the de�ning (fundamental) repre-

sentation the group elements are given by N �N matri
es U , with UU

y

= 1 and detU = 1.

(a) Show that the N �N matri
es T

a

are hermitian and tra
eless. You might need that

for a matrix M it holds that detM = exp (Tr (lnM)) and don't forget that the s
alar

parameters �

a


an take on any real value.

(b) Count the independent degrees of freedom of the N � N matri
es T

a

to argue that

SU(N) has N

2

�1 independent generators, whi
h implies that a runs from 1 to N

2

�1.

(
) Prove that the stru
ture 
onstants f

ab


are real.

Consider the subgroup SO(N) � SU(N), with group elements that are given by N � N

matri
esO in the fundamental representation. These matri
es additionally satisfy OO

T

= 1.

(d) Dedu
e that T

a

is purely imaginary and that SO(N) has

1

2

N(N �1) independent

generators.

Ea
h generator is linked to a gauge �eld in the Lagrangian of a lo
al gauge theory. Knowing

the number of generators for a group therefore immediately tells you the number of gauge

�elds (and therefore the number of new parti
les!) that you get when implementing that

group in a lo
al gauge theory.

Exer
ise 2: some handy SU(2) properties

Consider U(x) = exp

�

i
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n

�(x)

�

2 SU(2), with �(x) 2 R, ~e

n

a unit ve
tor in R

3

, and

�

1
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0 1

1 0

!

; �

2
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0 � i

i 0

!

and �

3

=

 

1 0

0 � 1

!

the usual 2� 2 Pauli spin matri
es.

(a) Use the anti
ommutation (normalization) identity f�

j

; �

k

g = 2Æ

jk

I

2

, with I

2

the 2�2

identity matrix, to show that (~� � ~e

n

)

2

= I

2

and subsequently that

U(x) = I

2


os

�

�(x)=2

�

+ i~� � ~e

n

sin

�

�(x)=2

�

:

(b) Introdu
e a doublet �eld �(x) that transforms under SU(2) a

ording to

�(x)! �

0

(x) = U(x)�(x):

Prove that the 
onjugate doublet

~

�(x) � i�

2

�

�

(x), with

�

denoting 
omplex 
onjuga-

tion and �

2

the se
ond Pauli spin matrix, has the same SU(2) transformation property

as �(x).

Hint : �rst �gure out what happens if you bring �

2

to the other side of (�

j

)

�

for all

three values of j.

We will make expli
it use of this observation during the dis
ussion of the Higgs me
hanism

in the Standard Model.
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