
Quantum Field Theory 2: exerises for week 4 and 5

Exerise 6: a few ovariant derivatives in the Standard Model

By now you have seen that the Standard Model is a loal gauge theory based on the gauge

group SU(3)



�SU(2)

L

�U(1)

Y

, that the generators of eah of these three di�erent subgroups

are de�ned to ommute with the generators of another subgroup, and that various matter

fermions (i.e. leptons and quarks) feature in the theory. In order to ombine everything

you have learned so far you are requested to write down the ovariant derivative that is

needed for the left-handed up- and down-quark �elds, and the one that is needed for the

right-handed eletron �eld. For indiating the di�erent gauge �elds and generators you an

use the notation adopted in the leture notes. Please also indiate the relevant hyperharge

quantum numbers and mention on whih multiplets the various generators will at.

Exerise 7: The relativisti superondutor (A Higgs toy model)

In the �rst leture we onsidered the Lagrangian for the free Klein-Gordon theory

L(x) = [�

�

�(x)℄

�

[�

�

�(x)℄ �m

2

�

�

(x)�(x); (1)

where �(x) is a omplex salar �eld with mass m. We have proven that this Lagrangian is

invariant under the global gauge transformation �(x) ! �

0

(x) = e

i�

�(x) and derived the

orresponding onserved urrent.

(a) Prove that you an make the Lagrangian in equation (1) invariant under the loal

gauge transformation

�(x)! �

0

(x) = e

i�(x)

�(x) with �(x) 2 R (2)

by replaing the derivatives �

�

in L by ovariant derivatives D

�

� �

�

+ igA

�

(x).

Derive the required transformation harateristi of A

�

(x).

(b) Upon replaing the ordinary derivatives by the ovariant ones, new interation terms

appear in the Lagrangian. Identify these interation terms and draw the orresponding

Feynman diagrams, using dashed lines for salar partiles and wiggly ones for gauge

bosons.

() There is no mass term for A

�

in the Lagrangian you onsidered in part (b). Explain

why you are not allowed to just add it manually.

Let us hange our Lagrangian by kiking out the salar mass term and by adding a potential

for the � �eld. We inlude the salar mass term by means of this potential and simplify the

notation by letting �(x) ! �.

L(x) = [�

�

�℄

�
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�

�℄� V (�) where V (�) = 
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�+ 
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(�
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2
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The oeÆients 

2

and 

4

are real and an have either sign. The �rst potential term resembles

an ordinary salar mass term, but its sign may be opposite when 

2

< 0. For a ertain hoie

of signs for 

2

and 

4

the potential has a loal maximum for j�j = 0 and global minima for

a non-zero value of j�j =

p

�

�

�.

(d) Indiate for whih signs of 

2

and 

4

this happens, and make a drawing of the orre-

sponding potential as a funtion of j�j.
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(e) Show that the loation of the minima is given by j�j =

v

p

2

, where we take v

2

= �



2



4

.

Beause we determined the minima for j�j, there is a hoie in the loation of the minima

for �. We hoose this to be

v

p

2

and reparametrize � as

�(x) =

1

p

2

(v + h(x)) e

i!(x)=v

where h(x); !(x) 2 R: (4)

(f) What happens to the real and imaginary degree of freedom of �? Where do they go

in the reparametrization?

(g) Show what this reparametrization implies for the Lagrangian in equation (3). Identify

kineti, mass and interation terms and draw the orresponding Feynman diagrams

for the interation terms, indiating expliitly whih of the salar modes (h and/or !)

feature in the interation.

(h) Determine, based on the Lagrangian you just found, whih �elds give rise to massive

partiles and whih don't.

Upon replaing the derivatives �

�

by the ovariant derivatives D

�

in exerise (a), also the

Lagrangian in equation (3) is left invariant under the loal gauge transformation in (2).

(i) Find all terms arising from the kineti term in the Lagrangian, when the derivatives

are replaed by ovariant derivatives. Continue using the reparametrization in equa-

tion (4).

(j) One of the terms ontaining the ! �eld is not ategorizable as a kineti, mass or

interation term. Whih one is it and an you explain what this term would imply

phenomenologially?

We an solve this problem by hoosing a spei� gauge to work in, the unitary gauge:

�

(u)

(x) = e

�i!(x)=v

�(x) =

1

p

2

(v + h(x)) (5)

A

(u)

�

(x) = A

�

(x) +

1

gv

�

�

!(x) (6)

(k) Use this spei� hoie of �elds to rewrite the kineti term of the Lagrangian inluding

ovariant derivatives in terms of A

(u)

�

(x) and h(x).

(l) Identify the di�erent terms (kineti, mass, interation) in the rewritten full Lagrangian

and draw the orresponding Feynman diagrams for the interation terms, indiating

expliitly whih of the salar modes (h and/or !) feature in the interation. Compare

your answer to your answers to parts (g) and (b). What are the di�erenes?

(m) Challenge: degrees of freedom never just disappear. What happened to the degree of

freedom orresponding to !(x) and what does this imply phenomenologially?
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Although a bit obsured by the mathematis, you might already have seen that due to the

potential hosen in equation (3) a mass term for A

�

was generated, even though it was

not allowed to add this term by hand to the Lagrangian without breaking gauge invariane.

We hose this potential not randomly of ourse. What you did in this exerise is nothing

more, nothing less than using the Higgs mehanism in its full glory: by introduing a spei�

salar potential you generated a gauge-boson mass term through its interations with the

salar �eld! The potential we hose is the Higgs potential as we urrently believe exists in

nature.

The only di�erene between this exerise and the true Higgs mehanism is that the A

�

�eld, whih we interpreted as the photon �eld, now has a mass, while in vauum this is

not the ase. Atually, this idea was invented for the desription of the Meissner e�et

in superondutors (Anderson, 1962), where the eletromagneti �eld beomes e�etively

massive inside superondutors through the interations with the ondensate of salar Cooper

pairs of ondution eletrons. In the ontext of the Standard Model we will apply the Higgs

mehanism in leture 6 to give mass to the W

�

and Z gauge bosons.
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