
Standard Model and Beyond Exercises week 2

Exercise 3: A single, potentially massive, exercise

In the first lecture we considered the lagrangian for the free Klein-Gordon theory

L(x) = [∂µφ(x)]
∗

[∂µφ(x)]−m2φ∗(x)φ(x), (1)

where φ(x) is a complex scalar field with mass m. We’ve proven that this lagrangian is
symmetric under the global gauge transformation φ(x) → φ′(x) = eiαφ(x) and derived the
corresponding conserved current.

(a) Prove that you can make the lagrangian in equation (1) invariant under the local gauge
transformation

φ(x)→ φ′(x) = eiα(x)φ(x) with α(x) ∈ R (2)

by replacing the derivatives ∂µ in L by covariant derivatives Dµ ≡ ∂µ + igAµ(x).
Derive the required transformation characteristic of Aµ(x).

When this substitution is expanded, new terms appear in the lagrangian. These terms are
combinations of φ and φ∗ with the gauge field Aµ. Because of the combination of these
different fields, these terms are called interaction terms. Interaction terms always contain
at least 3 fields.

(b) Explain what the interaction terms that originate from the expansion of the kinetic
part of the lagrangian mean phenomenologically, i.e. to which interactions do they
give rise?

Mass terms contain, in contrast to interaction terms, a single type of field twice (look for
example at the mass term in equation (1)). There is no mass term for Aµ in the lagrangian
you constructed in exercise (b).

(c) Explain why you are not allowed to just manually add it. What does this imply for
the particle associated with Aµ?

Let us change our lagrangian by adding a potential for the φ field. We include the mass
term to this potential and simplify the notation by letting φ(x)→ φ.

L(x) = [∂µφ]
∗

[∂µφ]− V (φ) where V (φ) = c22φ
∗φ+ c4 (φ∗φ)

2
(3)

For a certain choice of signs for c2 and c4 this potential has 2 minima in |φ| =
√
φ∗φ.

(d) Make a drawing of the potential as function of |φ| for this case.

(e) Show that the location of the minima is given by |φ| = v√
2
, where we take v2 = − c2c4 .

Because we determined the minima for |φ|, there is a choice in the location of the minima
for φ. We choose this to be v√

2
and reparametrize φ as

φ(x) =
1√
2

(v + h(x)) eiω(x)/v where h(x), ω(x) ∈ R. (4)

(f) What happens to the real and imaginary degree of freedom of φ? Where do they go
in the reparametrization?

(g) Show what this reparametrization implies for the lagrangian in equation (3). Identify
kinetic, mass and iteraction terms.
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(h) Determine, based on the lagrangian you just found, which fields give rise to massive
particles and which don’t.

Upon replacing the derivatives ∂µ by the covariant derivatives Dµ in exercise (a), also the
lagriangian in equation (3) is left invariant under the local gauge transformation in (2).

(i) Find all terms arising from the kinetic term in the lagrangian, when the derivatives are
replaced by covariant derivatives. Continue using the reparametrization in equation
(4).

(j) One of the terms containing the ω field is not categorizable as a kinetic, mass or
interaction term. Which one is it and can you explain what this term would imply
phenomenologically?

We can solve this problem by choosing a specific gauge to work in, the unitary gauge:

φ(u)(x) = e−iω(x)/vφ(x) =
1√
2

(v + h(x)) (5)

A(u)
µ (x) = Aµ(x) +

1

gv
∂µω(x) (6)

(k) Calculate, with this specific choice of fields, the kinetic term of the lagrangian again.

(l) Identify the different terms (kinetic, mass, interaction) in this lagrangian. Compare
your answer to your answers to exercise (g) and exercise (b). What are the differences?

(m) Challenge: degrees of freedom never just disappear. What happened to the degree of
freedom corresponding to ω(x) and what does this imply phenomenologically?

Although a bit obscured by the mathematics, you might already have seen that due to the
potential we have chosen in equation (3) a mass term for Aµ was generated, even though
it was not allowed to add this term by hand to the lagrangian. We chose this potential
not randomly of course. What you did in this exercise is nothing more, nothing less than
using the Higgs mechanism in its full glory: you generated mass terms through interactions
originating from the introduction of a potential! The potential we chose is the Higgs potential
as we currently believe exists in nature.
The only difference between this exercise and the true Higgs mechanism is that the Aµ field,
which we interpreted as the photon field, now has a mass, while in nature this is not the
case. We will solve this in week 8 of the course, when we will have more knowledge of the
standard model and weak interactions.
However, don’t forget that you already applied the Higgs mechanism. That is something to
be very proud of indeed!

The results of the last few exercises are highly nontrivial to obtain: you can’t just add
terms to the lagrangian by hand, as you explained in exercise (c). One rule terms have to
adhere to can be derived from the fact that the action S has to be dimensionless, meaning it
should have as unit GeV0. This 0 is called the mass dimensionality of the quantity. Because
of this dimensionlessness of S, the lagrangian has have mass dimension 4, since the integral∫

d4x needed to convert L to S has mass dimension -4.

(n) What is the mass dimensionality of ∂µ, φ, c2 and c4 in equation (3), and of Aµ in the
lagrangian you derived in (k)?

(o) Because we know not only scalar particles have mass, we want to generate mass for
fermions as well. However, if we would follow exactly the same approach for Dirac
fermions as we did for scalar particles in this exercise, this would not work. Explain
why.

Generating masses for fermions is more difficult than generating masses for bosons. We will
see in week 10 how to do this.
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