
Quantum Field Theory: Tutorial #1 Solutions

Solution 1:

a.) L = T −V with (i) kinetic term T =
∑N

n=1
1
2mφ̇2

n(t), as the kinetic energy of all point particles simply

adds up, and (ii) elastic term V =
∑N

n=1
1
2ks(φn+1 − φn)

2, as the potential energy of all springs add

up and |φn+1 − φn| is identical to the elongation/compression of the spring, i.e., the deviation from

the equilibrium length.

b.)

0 =
d

dt

∂L

∂φ̇n

− ∂L

∂φn

= mφ̈n + ks(2φn − φn−1 − φn+1) ,

because

∂

∂φn

N
∑

j=1

1

2
ks(φj+1 − φj)

2 =
N
∑

j=1

1

2
ks(2φj+1δn,j+1 − 2φjδn,j+1 − 2φj+1δn,j + 2φjδn,j)

=
1

2
ks(2φn − 2φn−1 − 2φn+1 + 2φn) .

c.) a becomes so small that
∑N

n=1 → 1
a

∫ L=Na

0 dx. Thus

L =
1

a

∫ L

0

dx

(

1

2
m(

√
aφ̇(x, t))2 − 1

2
ks(

√
aφ(x + a, t)−

√
aφ(x, t))2

)

.

Employing the Taylor expansion φ(x ± a, t) = φ(x, t)± aφ′(x, t) + 1
2a

2φ′′(x, t) + . . . one gets

L =

∫ L

0

dxL, L =
1

2
mφ̇2(x, t)− 1

2
ksa

2(φ′(x, t))2 .

The Taylor expansion is also used for the equation of motion (e.o.m.):

0 = m
√
aφ̈(x, t) + ks

√
a(2φ(x, t) − φ(x − a, t)− φ(x + a, t))

=
√
a

(

mφ̈(x, t) + ks(2φ(x, t) − φ(x, t) + aφ′(x, t) − 1

2
a2φ′′(x, t)− φ(x, t) − aφ′(x, t)− 1

2
a2φ′′(x, t))

)

=
√
a
(

mφ̈(x, t)− ksa
2φ′′(x, t)

)

.

In terms of ∂t ≡ ∂/∂t and ∂x ≡ ∂/∂x this becomes:

L(φ, ∂tφ, ∂xφ) =
1

2
m (∂tφ)

2 − 1

2
ksa

2 (∂xφ)
2

and m

(

∂2
t − ksa

2

m
∂2
x

)

φ(x, t) = 0 .

d.) In the Euler-Lagrange equation ∂t
∂L

∂(∂tφ)
+∂x

∂L
∂(∂xφ)

− ∂L
∂φ

= 0 the last term vanishes, the first two terms

give directly

m∂2
t φ(x, t)− ksa

2∂2
xφ(x, t) = 0 .

e.) The solutions are of the form φ+(x+ vpt)+φ−(x− vpt), i.e. phonons (sound waves) moving to the left

or right with speed vp = a
√

ks/m.

f.) In mechanics one has the Hamiltonian H(p, q) = pq̇ − L with the momentum p = ∂L
∂q̇

, in field theory

the Hamiltonian density H = πφ̇− L with the momentum field π = ∂L/∂φ̇.
Here one has π(x, t) = mφ̇(x, t) and therefore

H(φ, π, ∂xφ) = mφ̇2 − 1

2
mφ̇2 +

1

2
ksa

2(∂xφ)
2 =

π2

2m
+

1

2
mv2p (∂xφ)

2
.

Page 1 of 2



Quantum Field Theory: Tutorial #1 Solutions

Solution 2:

The action of electrodynamics is given by S =
∫

d4xL =
∫

d4x
(

− 1
4FµνF

µν
)

with the anti-symmetric rank-2

tensor (field strength tensor) Fµν = ∂µAν − ∂νAµ. Note that this tensor (and thus the action) depends

only on the derivative of the gauge field and not on the gauge field directly, i.e., ∂L/∂Aµ = 0. Furthermore,

∂µ = ∂
∂xµ is the derivative w.r.t. the contravariant coordinate vector xµ and is (in flat space-time) a covariant

vector. It has the properties ∂0 = ∂/∂t and ∂i = ∂/∂xi = ∇i for i = 1, 2, 3.

The Euler-Lagrange equation reads therefore

∂α
∂L

∂(∂αAβ)
− ∂L

∂Aβ

= ∂α
∂L

∂(∂αAβ)
= 0 .

First we note

∂L
∂(∂αAβ)

= −1

4

(

∂

∂(∂αAβ)
(∂µAν − ∂νAµ)

)

Fµν − 1

4
Fµν

(

∂

∂(∂αAβ)
(∂µAν − ∂νAµ)

)

= −1

4

(

δαµδ
β
ν − δαν δ

β
µ

)

Fµν − 1

4
Fµν

(

gµαgνβ − gναgµβ
)

= −1

4

(

Fαβ − F βα
)

− 1

4

(

Fαβ − F βα
)

= −Fαβ , (1)

where Fαβ = −F βα has been used. This then leads to

∂αF
αβ = 0 . (2)

This equation is a four-vector equation. To decompose it into temporal and spatial components we note

first that

(Fαβ) =









0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0









,

i.e., we have F 00 = 0, F 0i = −Ei, F ij = −ǫijkBk. Now we set in eq. (2) β = 0 to obtain Gauß’ law:

0 = ∂αF
α0 = ∂iF

i0 = ∂iE
i = ~∇ · ~E ,

where i = 1, 2, 3 has been summed over. Setting now in eq. (2) β = j = 1, 2, 3 gives

0 = −∂αF
αj = −∂0F

0j − ∂iF
ij = ∂0E

j + ∂iǫ
ijkBk =

∂Ej

∂t
− (~∇× ~B)j .

The Maxwell equations ~∇ · ~B = 0 and ∂ ~B/∂t+ ~∇× ~E = ~0 can be derived

directly from the definitions and the antisymmetry of ǫijk:

~∇ · ~B = ∂kB
k = −1

2
∂kǫ

ijkF ij =
1

2
ǫijk(∂k∂iAj − ∂k∂jAi) = 0 ,

∂Bk

∂t
+ (~∇× ~E)k = −1

2
ǫijk∂0F ij − ǫijk∂iF

0j = ǫijk
(

1

2
∂0∂jAi +

1

2
∂0∂iAj − ∂i∂jA0

)

= 0 .

Alternatively this can be written as

∂αF̃
αβ ≡ ∂α

1

2
ǫαβµνFµν =

1

2
ǫαβµν(∂α∂µAν − ∂α∂νAµ) = 0 ,

in terms of the totally antisymmetric tensor ǫαβµν , whose non-zero components are given by +1/ − 1 for

(αβµν) being an even/odd permutation of (0123). The tensor F̃αβ is called the dual field strength tensor.
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