Quantum Field Theory: Tutorial #7 Solutions

Solution 11:

(a)

Consider the decay in the rest frame of the decaying particle: k% = (m,0), pi = (E1,p)
and ph = (Es, —p). First, note that By = Fy = \/M?+ p' 2 = m/2 and therefore |p’| =p =
1vm2 —4M? >0, which implies the condition m > 2M.

According to exercise 9(b) the matrix element is iM"“(¢ — b)) = — ig. Employing page 61
of the lecture notes with Ecps replaced by m gives the decay width

1, p.63 g° P 9P

16m2m 167mm

where [dQ = 47 has been used.

Consider the lowest-order scattering process ¥(ka)i (k) — ¢(p1)d(p2) in the CM frame:
kfjl = (EA,0,0,k), k% = (EB,0,0, _k) ) plf = (Elvﬁ) and pg = (E27 _ﬁ)v

1 1

with EA:EB:E1 :E2:§ECM:§

This implies:

. 1

Fl=k=5Vs—4M? 20 = Bow =15 > 2M,
1

|ﬁ|:p:§\/s—4m220 = FEou=+/s > 2m,

. 1
and k:A~ﬁ:kpCOSQZZ\/S—4M2 Vs —4m? cosf.

According to exercise 9(c) the matrix element iMLO(dJ(kA)@Z(kB) — ¢(p1)d(p2)) reads

“ D1 p2 - . D2 p1
n .9 ( 1 n 1 )
e — 1 s
/_»}\\ //_»$\\ I\ k= p1)2 = M2 7 (ks —p2)2 - M2
kA kB kA kB

where the diagram on the left is the ¢t-channel diagram and the one on the right the u-channel.
Bearing in mind that ¢ = (kg —p1)% = m2+ M2 - % (1— /1 —4M2/s+/1—4m?2/s cos 9) and

u=(kga—p2)? = m2+M2—§<1+\/1 —4M?2/s+/1 —4m2/s cosO), the matrix element and

therefore also the differential cross section are symmetric under cos § — — cos § = cos(w —6) .

Furthermore, note that the usual infinitesimal imaginary parts have been skipped in the
above-given propagators. Since t,u < M?, these propagators can never become on-shell and

as such the infinitesimal imaginary parts are obsolete.

The lowest order differential cross section then reads

do"” pea V1—4m?/s
dQd 64m2s4/1 —4M?2/s

LO(

Y(k)3(k5) — 8(p1)o(p2)) | O(V3-2M) O(v/5-2m)
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(c) Consider the lowest-order scattering process 1(ka)y (k) — ¥(p1)¢(p2) in the CM frame:
kfjl = (EA,0,0,k), k% = (EB,0,0, _k) ) plit = (Elvﬁ) and pg = (E27 _ﬁ)v

1
with EA:EB:E1:E2:§ECM: \/g

[NCR

This implies:
kl=k=[f|=p=-Vs—4M2 >0 = Ecy=+/s>2M,
T 1 )
and kA-p:kpcostQ:Z(s—élM)cos@.

Therefore we obtain: s > 4M?, t = (kg —p1)? = — ; (1 —4M?/s)(1 —cosf) < 0

and u = (kg — p2)? :—3(1—4M2/s)(1+c059) <0.

According to exercise 9(c) the matrix element iMLO(g[J(kA)@Z(kB) — ¥(p1)Y(p2)) reads

b1
\WPZ P1 p2/ ) 1 1
E + - Y (s—m2+ie+t—m2)’
/\\V\kB kA k}
ka

where the diagram on the left is the s-channel diagram and the one on the right the t-channel.

The lowest order differential cross section then reads

LO n 7y 2
PRI ‘M (Y(ka)P(kp) — w(pl)zb(pz))‘
aQ 6472s (Vs = 2M).

A remarkable feature of this differential cross section originates from the s-channel contri-

bution: it has a singularity at s = m?

, 1.e. when the intermediate ¢-particle goes on-shell.
This can occur if m > 2M, corresponding to an unstable ¢-particle (see part a). For this
reason we kept the ie imaginary part in the propagator. Actually, when treated correctly this
instability adds a finite imaginary piece to the denominator, resulting in a (finite) resonance.
The occurrence of such resonances allows to discover new particles! A beautiful example of
a recent discovery via a resonance is the discovery of the Higgs boson in 2012 (see attached
figure). In the ’90s of the last century the resonance of the Z-boson was studied in great
detail at LEP (CERN, Geneva) and SLC (SLAC, Stanford). For instance this has led to the

conclusion that there are three generations of light neutrinos (see attached plots).
By the way, from iMLO(T,D(kA)'I/_J(kB) — P(p1)Y(p2)) it trivially follows that (see also Ex. 10)

(9/2M)*

4rr

Vqﬁw(r) = Vyy(r) = -

)

which is a consequence of the invariance of the scalar Yukawa theory under crossing.
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Higgs resonance
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Number of light neutrino generations: N, = 2.984 + 0.008
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