A Special relativity: conventions and definitions

In this appendix we specify a few conventions that will allow us to deal with flat spacetime

(Minkowski space). The time coordinate ¢ and spatial coordinates 7 of a particle are

combined into a contravariant position 4-vector

zh 2 = ¢t and 2 | =7 =7, (A.1)

with © = 0,1,2,3 the Minkowski index. Also the energy E and momentum p are

combined into a contravariant momentum 4-vector

o P’ = E/c = __me and p? =p = __mv , (A2)

J1-v2/e pg J1-v2c

corresponding to a particle with rest mass m and velocity v = dr/dt.

The metric tensor in Minkowski space is given by
_ g — -1 A3
G = 9" = : (A.3)

From the contravariant vector a* the corresponding covariant vector a, can be derived as

a, = gua . (A.4)

Here we made use of the Einstein summation convention, which states that a repeated

Minkowski index automatically implies summation of that index. Finally we introduce the

inner product (scalar product )

—

oy = 2y, = )t = guaty’ = %Y’ - 17, (A.5)

which is not positive definite as a result of the spacetime metric g, in Minkowski space.

Inertial systems: reference frames in which force-free particles travel along straight lines

are referred to as inertial systems.

Relativity principle: all inertial systems are physically equivalent and the speed of light

is the same in each inertial system.

The relativity principle is reflected in the transformation characteristic of position vectors

while going from inertial system S with origin O to inertial system S’ with origin O'.



Assume the origins to coincide (i.e. O =0') at time ¢ = 0 and indicate the corresponding

coordinate transformation as follows:
St — S L\ U (A.6)

The coordinate transformation (Lorentz transformation) A has to be linear to be able

to map linear motions on linear motions in the absence of forces. It can be defined in
accordance with the relativity principle by demanding 2? = x -z to be invariant under the
transformation. After all, in that case a particle that moves at the speed of light starting
2 2= 72/2 = g2

=vU = 0, automatically

/12

from the origin O at t = 0, which implies ¢
travels with the speed of light in any other inertial system S’, since 2'? = 22 = 0 implies

=12 — —*/2/t/2 —

v c®. From this condition we can derive that

Voot =2 BRIy et = AP AY g% = A A, = g, (AT)
x x
which implies that (A%)? = 1+ (A')? + (A%)? + (A3,)? > 1. The inverse of the Lorentz

transformation then becomes

1 4
AN, = gf = b = A = (AR det(A) = £1. (A.8)
0 1

The Lorentz transformations can be subdivided as follows. First of all there are the so-

called proper orthochronous Lorentz transformations (or short: “the Lorentz transforma-

tions”), for which det(A) = +1 and A% > 1. These transformations comprise:

e spatial rotations, about three independent spatial axes.

e Lorentz boosts, in three independent spatial directions. Example: S’ moves relative

to S at constant velocity v = fc in the z'-direction. In that case

1/y/1-p2 =g/ /1-82 0 0 coshn —sinhny 0 0
Ab —B/\/1-52 1/y/1-82 0 0 _ —sinhn  coshn 0 0 (A.9)
v 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
B, x0=ct ! O 0 0
— +  non-relativistic Galilei transformation : o 8/ ¢ (1) ? 8
0 0 0 1

Two more classes of Lorentz transformations can be added to this: transformations with
det(A) = —1 and A% > 1, such as the parity transformation that describes spatial inver-
sion, and transformations with A% < — 1, such as the time-reversal transformation. All

transformations can be combined into the so-called homogeneous Lorentz transformations,

for which an arbitrary transformation can be written as a product of rotations, boosts, spa-

tial inversion and time reversal. Spatial inversion and time reversal have a special status:
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e free-particle systems are invariant under these transformations, but this invariance

gets lost once the weak (nuclear) force enters the game;

e these transformations cannot be connected continuously with the identity transfor-
mation, as opposed to the proper orthochronous Lorentz transformations which form
a continuous group and for which a finite transformation can be written as an in-
finite series of infinitesimal transformations. Spatial inversion and time reversal in

fact incorporate the possible discrete Lorentz transformations.

Finally, we also have to consider the possibility that the origin O’ is shifted with respect
to the origin O:

= A2+ at (short: ' = Az +a) , with a* a constant 4-vector
= o' = (AYH (' —a)” (short: z = A™'[2' —a]) . (A.10)

All transformations together form the so-called inhomogeneous Lorentz transformations,

which are also known as the Poincaré transformations. They are defined by demanding

the invariance (z —y)* = (2’ —y')?.

For the construction of a relativistic wave equation, which should have the same form in
all inertial systems, we need several types of quantities (independent of space and time)

and fields (dependent on space and time).

e Scalar quantities: quantities that remain the same in each inertial system, such as

p? =p-p and the speed of light c.

e Scalar fields: fields with the following transformation characteristic

(A.10)

S:glx) = 8 @) = d(x) == (A7 [2/ —d]).

e Contravariant vector quantities: 4-vectors that transform as A’* = A* 6 A”, such as

the momentum 4-vector p*.

e Contravariant vector fields: fields with the following transformation characteristic

S AMz) 8 AR = AR AY(z) S AR AV (AT — d]).

e Covariant vector quantities: 4-vectors that transform as

(A.8)

A/M = gMPA/p = gNPAPO'AU = gMPApagUVAV - AMV Al/
e Covariant vector fields: fields with the following transformation characteristic

S Ayr) — 5 AL(ZL‘/) = g A'P(2") = g, N, A (x) = g, N, 97" Ay(x)

(410 (a8

AJA, (A2 — a]) (AH7, Ay (A — a]).
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Examples: the gradient in Minkowski space,

0
0 10 ! -
8# = % == 80 = Ea and 82 = v, (A]_l)
s
is a covariant vector quantity since
, 0 0"\ 0 (a1 1w 0 (49 , 0
O = ox'r (&x’ﬂ )&'E” (A )“ax” A oxrv A0

Consequently, 0" = ¢" 0, is automatically a contravariant vector quantity. Furthermore

o A,(x)=0,¢(x) is a covariant vector field if ¢(z) is a scalar field.

Proof: A} (2) = 0,¢'(z') = A)O,¢(x) = AJA(x).

o ¢(x) = A,(x)B*(x) is a scalar field if A and B are vector fields.
Proof: ¢'(z') = A («/)B""(a') = A,(x) (A~1)", A" BP(x) = A,(2)B"(x) = ¢(x).

o ¢(x) = 0,A"(x) is a scalar field if A*(z) is a contravariant vector field (see previous

example).
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