
Standard Model and Beyond Exercises week 12

Exercise 18: I came here to conjugate charge and proof stuff, and the charge
has just been conjugated

In the lecture charge conjugation of a fermion field was introduced

ψ → ψC ≡ Cψ̄T (1)

with C having the following properties:

C† = C−1 CT = −C C−1γµC = −(γµ)T (2)

In the following exercises, ψ represents the fermionic field operator.

(a) Prove that ψ̄LψR = (ψ̄R)C(ψL)C and that ψ̄RψL = (ψ̄L)C(ψR)C .

(b) Prove that (ψC)C = ψ

Charge conjugation changes a particle in its anti-particle. Under this change, the electric
charge of the particle should change sign, but the kinematics of the particle should remain
unchanged in a free environment. Let’s have a look if that is truly the case.

(c) Prove that the sign of the vector current (i.e. the coupling to U(1) gauge bosons) flips
under charge conjugation:

ψ̄γµψ = −ψ̄CγµψC

(d) Prove that also the kinetic term for fermionic fields is invariant under charge conjuga-
tion, up to a four-divergence (which we can remove from the lagrangian anyway):

ψ̄γµ∂µψ = −(∂µψ̄
C)γµψC = ψ̄Cγµ∂µψ

C

Because we can’t detect neutrinos with high efficiency, a lot of their properties are still
unknown. It could be for instance that the neutrino is its own anti-particle, which would
mean we would have to describe them with Majorana fields:

N1 ≡
νL + (νL)C√

2
N2 ≡

νR + (νR)C√
2

(3)

which have the desired property that N1,2 = NC
1,2. One of the things we do know about

neutrinos is that they are fermions.

(e) Prove that N̄1N1 = 1
2 ((ν̄L)CνL + h.c.) and that N̄2N2 = 1

2 ((ν̄R)CνR + h.c.)

(f) Prove that N̄1N2 + N̄2N1 = ν̄LνR + h.c..

(g) Prove that the kinetic terms in the lagrangian for these fields can be expressed, up to
a four-divergence, as:

N̄1iγ
µ∂µN1 + N̄2iγ

µ∂µN2 = ν̄iγµ∂µν

= ν̄Liγ
µ∂µνL + ν̄Riγ

µ∂µνR

Identifying the true nature of the neutrino will certainly yield you a Nobel prize. It is
therefore no surprise that many experiments around the world are conducting experiments
to do neutrino research. In the last few weeks of this course we will see a few of these
experiments.

1



Exercise 19: Smile and oscillate, neutrinos. Smile and oscillate.

With the discovery of neutrino oscillations (for which the nobel prize was awarded in 2015)
it was proven that at least two of the three known neutrinos should have a non-zero mass.
In this exercise we will investigate why this statement holds true by looking at a neutrino νi
with momentum p = |~p| that is created a distance L away from the detector. At its creation
a lepton `+α is created. At detection the neutrino creates a lepton `−β . This indicates that the
gauge eigenstate at creation is α and at detection β. Index i indicates the mass eigenstate.

(a) Draw the Feynman diagram for the described process.

In this exercise we will only focus on the relevant parts of the vertices and the neutrino
propagator. The amplitude for this propagation can be expressed in terms of time t and
distance L as the invariant phase factor

A(νipropagates) = exp [−i(Eit− pL)] (4)

(b) Assume the neutrino is produced with a definite energy, regardless of neutrino type,
and that mi � Ei. Show that this amplitude can be approximated as

A(νipropagates) = exp

[
−im2

i

L

2p

]
≈ exp

[
−im2

i

L

2E

]
(5)

The amplitude for the change from mass eigenstate α to eigenstate β can thus be written as

A(να → νβ) =
∑
i

U∗αi exp

[
−im2

i

L

2E

]
Uβi, (6)

where U∗αi and Uβi are matrix elements from the PMNS matrix.

(c) Show that the probability for this oscillation between states can be expressed as:

P (να → νβ) = δαβ − 4
∑
i>j

Re
(
U∗αiUβiUαjU

∗
βj

)
sin2(∆m2

ij

L

4E
)

+ 2
∑
i>j

Im
(
U∗αiUβiUαjU

∗
βj

)
sin(∆m2

ij

L

2E
)

(7)

where you may use that
∑
i U
∗
αiUβi = δαβ and ∆m2

ij = m2
i −m2

j .

(d) What happens to this expression if all neutrinos would have the same mass?

(e) Show that equation (7) is not sensitive to interchange of i and j. What does this
imply?

It turns out that if you take the oscillation phase (the argument of sin2) of this phenomenon
and rewrite it to SI units, you get

Φ ≈ 1.27∆m2
ij(eV2)

L(km)

E(GeV)
(8)

(f) How small mass splittings can be observed by an experiment on the earth’s surface
looking at neutrinos of 1 GeV originating from the atmosphere on the other side of
the earth? And what about neutrinos produced in the sun?

The fact that equation (7) is invariant under interchange of neutrino type is an important
notion, leading to the question what the mass differences between the different neutrinos are.
This ordering is known as the neutrino mass hierarchy and is one of the largest open ques-
tions in neutrino physics. In the last few weeks of this course we will see some experiments
that try to find an answer to this question.
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