
Quantum Field Theory Exer
ises week 10

Exer
ise 13 : UV aspe
ts of �

3

-theory

Consider the s
alar �

3

-theory, whi
h has the Lagrangian L =

1

2

(�

�

�)(�

�

�) �

1

2

m

2

�

2

�

�

3!

�

3

. The

momentum-spa
e Feynman rules for this theory are basi
ally the same as the ones that we have

derived for the s
alar �

4

-theory, ex
ept for the fa
t that the intera
tion vertex now involves three

�-parti
les instead of four!

(a) Whi
h amputated diagram 
ontributes to the one-loop 
orre
tions to the �

3

intera
tion?

(b) Argue that this 
ontribution is �nite. Why was this to be expe
ted based on the dis
ussion

on page 28 of the le
ture notes?

(
) Give the analyti
al expressions for the one-loop diagrams

p p

and

p p

;

with the solid lines indi
ating the s
alar bosons.

Note: you are not supposed to perform the full 
al
ulation here!

Remark : the se
ond diagram is usually 
alled a \tadpole diagram". It is not 1-parti
le

irredu
ible and, 
onsequently, it is not part of the 1-parti
le irredu
ible self-energy of

the s
alar parti
le. The fa
t that this tadpole diagram is non-zero implies that the �eld

^

� a
tually has a non-vanishing vev at one-loop order, i.e. h
j

^

�(x)j
i = v 6= 0. For

a 
orre
t parti
le interpretation the theory should be reformulated in terms of the �eld

^

�

0

(x) =

^

�(x)� v, whi
h has a vanishing vev. This reformulation pro
edure that removes

the tadpole diagram from the s
alar self-energy is referred to in the literature as \tadpole

renormalization".

(d) Suppose we regularize the loop integrals by means of a UV 
uto� �. Dis
uss how the one-loop

diagrams in part (
) will depend on this 
uto�.

(e) Can the Lagrangian parameter m be �nite?

(f) Repeat the power-
ounting analysis on page 88 of the le
ture notes for the �

3

theory. Deter-

mine the dimensionalities of spa
etime n for whi
h the theory is renormalizable, superrenor-

malizable and nonrenormalizable.

(g) Compare this to the dis
ussion on page 28 of the le
ture notes.

Hint: for n spa
etime dimensions the a
tion is given by S =

R

d

n

xL . Use this to determine

the mass dimension of the 
oupling 
onstant � for n spa
etime dimensions.

(h) Take spa
etime to be four-dimensional and draw all super�
ially divergent 1-parti
le irre-

du
ible one-loop diagrams, indi
ating their expe
ted dependen
e on the UV 
uto� �.
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Exer
ise 14 : generators of the Lorentz group

In order to prepare for the dis
ussion on higher-spin theories, please do parts (a) and (b) of this

exer
ise.

(a) Consider an in�nitesimal rotation by an angle Æ� about the ~e

n

-axis. Under this rotation the

spatial 
omponents of the position four-ve
tor x

�

transform a

ording to

~x ! ~x

0

� ~x+ Æ� ~e

n

� ~x � ~x+ Æ~�� ~x :

Rewrite this in�nitesimal transformation in the form x

0�

= �

�

�

x

�

� (g

�

�

+ !

�

�

)x

�

. We now

want to determine !

��

, with both indi
es down. Show that the nonzero !

��


omponents are

given by !

12

= �!

21

= (Æ�)

3

, !

23

= �!

32

= (Æ�)

1

and !

31

= �!

13

= (Æ�)

2

.

(b) Consider an in�nitesimal boost with velo
ity Æ~v. Under this boost the position four-ve
tor

transforms a

ording to:

x

0

! x

0

0

� x

0

+ Æ~v � ~x and ~x ! ~x

0

� ~x+ x

0

Æ~v :

Rewrite this in�nitesimal transformation in the form x

0�

= �

�

�

x

�

� (g

�

�

+ !

�

�

)x

�

. Show

that the nonzero !

��


omponents are given by !

0k

= �!

k0

= (Æv)

k

for k = 1; 2; 3.

(
) On page 11 of the le
ture notes the following has been derived for in�nitesimal Lorentz

transformations:

�(x) ! �

0

(x) = �(�

�1

x) �

�

1�

i

2

!

��

J

��

�

�(x) ;

where J

��

= i(x

�

�

�

� x

�

�

�

) are the six generators of the in�nitesimal Lorentz transforma-

tions. Show that these generators satisfy the fundamental 
ommutation relations

�

J

��

; J

��

�

= i

�

g

��

J

��

� g

��

J

��

� g

��

J

��

+ g

��

J

��

�

:

(d) Introdu
e four n�n matri
es 


�

that satisfy

�




�

; 


�

	

= 


�




�

+ 


�




�

= 2g

��

I

n

, with I

n

the

n � n unit matrix. Prove that also S

��

�

i

4

�




�

; 


�

�

satisfy the fundamental 
ommutation

relations for generators of the in�nitesimal Lorentz transformations.

(e) The in�nitesimal Lorentz transformations of four-ve
tors in parts (a) and (b) 
an be written as:

V

�

! V

0

�

� (g

�

�

+ !

�

�

)V

�

=

�

g

�

�

�

i

2

!

��

(J

��

)

�

�

�

V

�

;

with (J

��

)

�

�

= i(g

��

g

�

�

� g

�

�

g

��

). Guess what . . . show that also these generators J

��

satisfy the fundamental 
ommutation relations for generators of the in�nitesimal Lorentz

transformations.
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