
Quantum Field Theory Exer
ises week 12

Exer
ise 17 : Euler-Lagrange equations and some Noether 
urrents in the Dira
 theory

(a) Work out the Euler-Lagrange equations for the free Dira
 theory in terms of the independent

�eld 
omponents  

�

a

(x) and  

b

(x) for a; b = 1 ; � � � ; 4 being 4-dimensional Dira
 spinor

labels (whi
h should not be 
onfused with possible spin-1/2 quantum numbers). Compare

your results with the ve
torial expressions that are derived on p. 97 in the le
ture notes.

(b) Consider the global U(1) gauge transformation
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Argue that there is symmetry under this transformation and derive the 
orresponding 
on-

served Noether 
urrent. Do this �rst by using the independent �eld 
omponents  

�
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;  

b

and

subsequently try to �gure out how to obtain the same result without resorting to expli
it

indi
es (i.e. by using ve
torial notation).

(
) Now take m = 0 and 
onsider the global 
hiral transformation
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{ Use exponential series expansions to derive the following identity for 
-matri
es:
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{ Then show that there is symmetry under this transformation.

{ Derive the 
orresponding 
onserved Noether 
urrent.

Exer
ise 18 : Polarisation sum in the Dira
 theory

Let's try to reason on general grounds that
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where the label s represents an arbitrary 
hoi
e of spin-1/2 quantum numbers. The u and �u spinors

are 4-dimensional 
olumn and row ve
tors in spinor spa
e, respe
tively.

(a) The polarisation sum on the left-hand side is a 4 � 4 matrix in spinor spa
e. De
ompose it

in terms of the 4 � 4 basis matri
es given on page 93 of the le
ture notes with appropriate


oeÆ
ients. Use the fa
t that the polarisation sum has no open Minkowski indi
es and 
ontains

no preferred spin ve
tors to �rst argue that
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(b) Subsequently use that 0 = (p= � m)u

s

(p) = �u

s

(p)(p= � m) to arrive at the above-stated

proportionality.
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Exer
ise 19 : Parity in the Dira
 theory

Apart from the symmetry under 
ontinuous Lorentz transformations and translations, in relativisti


�eld theories a free Lagrangian should have a symmetry under the dis
rete spa
etime transformation

of parity (spatial inversion):
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In spinor spa
e the 
orresponding transformation matrix is given by
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(a) Show that indeed �
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, in analogy with what has been shown for the


ontinuous Lorentz transformations.

(b) Under a parity transformation

 (x)

P

��! �

(P )

1=2

 (~x) with ~x

�

� (x

0

;�~x ) :

Derive from this that
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(
) Under 
ontinuous Lorentz transformations the 
urrents
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form like s
alars, whereas the 
urrents
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 (x) transform like ve
-

tors. Determine how the two 
urrents in ea
h set di�er in their behaviour under a parity

transformation, whi
h will allow us to di�erentiate between a s
alar and a so-
alled pseudo

s
alar 
urrent (�rst set) and between a ve
tor and a so-
alled axial ve
tor 
urrent (se
ond

set).

(d) Use the u and v spinors given in the le
ture notes to prove that
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with ~p

�

� (p

0

;�~p ). This gives rise to the textbook statement

in the Dira
 theory parti
les and antiparti
les have opposite intrinsi
 parity.
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