
Quantum Field Theory Exer
ises week 13

Exer
ise 20 : 
ontra
tions and Wi
k's theorem for fermions

For Dira
 �elds the de�nitions of time ordering and normal ordering are extended in su
h a way

that a minus sign is pi
ked up for ea
h inter
hange of fermioni
 operators. For example:
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where a

1

; : : : ; a

4

are spinor indi
es. Based on these generalizations of time ordering and normal

ordering we 
an extend the de�nition of the 
ontra
tion of free Dira
 �elds:
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where the supers
ript \+" refers to the positive-frequen
y part of the �eld and \�" to the negative-

frequen
y part. The fun
tion S

F

(x � y) is the usual Feynman propagator of the Dira
 theory.

Furthermore
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With this de�nition, the time-ordered expression 
an be rewritten as
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Wi
k's theorem for free �elds then states:
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tions) :

Browse through the steps on pages 37{39 of the le
ture notes to 
onvin
e yourself that the above

statements are 
orre
t and work out h0jT
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j0i in terms of Feynman

propagators.
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Exer
ise 21: an exam-style exer
ise about a Yukawa-like fermioni
 theory!!!

Make sure that you get started with this important exer
ise during the exer
ise 
lass

of week 13 and that you 
omplete it the week after.

Consider the Lagrangian of the following fermioni
 theory:
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where  (x) is a Dira
 �eld ,

�

 (x) its adjoint, �(x) a real s
alar �eld and � a 4 � 4 matrix in

spinor spa
e (i.e. � = I

4

for a s
alar intera
tion and � = i


5

for a pseudo s
alar intera
tion). The


onstant m

 

represents the mass of the Dira
 fermions and m

�

the mass of the s
alar bosons. This

Lagrangian 
ontains an intera
tion between Dira
 fermions and s
alar bosons:

L

int

(x) = � g

�

 (x)� (x)�(x) :

(a) Derive the equations of motion of the theory.

(b) Determine the dimension of the various �elds in the theory and explain why the 
oupling


onstant g must be dimensionless.

(
) Give a simple argument why in the non-intera
ting (free) quantized theory
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where the subs
ript I indi
ates that the �elds are 
onsidered in the intera
tion pi
ture. The

indi
es a and b are spinor indi
es.

(d) Use this to determine

h0jT
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to �rst order in the 
oupling 
onstant g . Draw the 
orresponding position-spa
e Feynman

diagrams and express them in terms of

h0jT
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using solid lines to indi
ate the fermions and dashed ones to indi
ate the s
alar bosons.

Mind the arrows and use expli
it Dira
 spinor labels in

^

H

int

I

(z) during intermediate steps to

�gure out how the various spinors and matri
es should be 
ontra
ted! To 
onvin
e yourself

that you got the right result, please 
he
k whether your �ndings are 
ompatible with the

Feynman rules for the Yukawa theory.

(e) Use the Feynman rules for the Yukawa theory to 
al
ulate the lowest-order matrix element

for the pro
ess
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where k

A

; � � � ; p

2

are the momenta of the in
oming and outgoing -antifermions and s

A

; � � � ; r

2

the 
orresponding spin quantum numbers.

(f) Use the language of 
ontra
tions to determine the relative signs of the 
ontributions in part

(e) and give a quantum me
hani
al explanation of your �ndings.
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(g) Consider the one-loop self-energy for a s
alar boson with arbitrary momentum p in the pure

s
alar version of the Yukawa theory (i.e. for � = I

4

). Draw the 
orresponding diagram(s) and

use 
-matrix properties to show that the self-energy is given by
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(h) Consider an arbitrary 1-parti
le irredu
ible amputated loop diagram in the Yukawa theory

with

N

F

external fermion lines and N

B

external boson lines,

P

F

fermion propagators and P

B

boson propagators,

V verti
es and L loop momenta.

{ Argue that 2V = N

F

+ 2P

F

; V = N

B

+ 2P

B

and L = P

F

+ P

B

� V + 1.

{ The super�
ial degree of divergen
e D of the diagram is obtained by treating all loop

momenta and all 
omponents of the loop momenta as being of the same order of magnitude.

Assume that these loop momenta are 4-dimensional and derive that D = 4�N

B

�3N

F

=2.

Hint: �rst work out how the di�erent types of parti
les 
ontribute to D .

{ Is the Yukawa theory renormalizable or not?

(i) Extra 
hallenge: when the pie
es of the puzzle do not seem to �t!

{ Draw all one-loop super�
ially divergent diagrams.

{ Indi
ate what 
ounterterms you 
an use to 
an
el the divergen
e of ea
h of these diagrams.

Do you noti
e something strange?

{ How 
ould you resolve this issue?

3


