
Quantum Field Theory Exer
ises week 1

Exer
ise 1 : A 1-dimensional periodi
 latti
e (going from dis
rete to 
ontinuum)
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Consider a 1-dimensional periodi
 latti
e of N point par-

ti
les of mass m that are 
onne
ted by springs with

spring 
onstant k

s

. The equilibrium position of parti
le

n is given by �x

n

= na , where a > 0 is the �xed aver-

age inter-parti
le distan
e. The positions of the parti
les

relative to the equilibrium positions are indi
ated by the


oordinates �

n

(t), whi
h are assumed to be small with

respe
t to a . The periodi
ity 
ondition implies that par-

ti
le N + 1 
oin
ides with parti
le 1.

(a) Explain that the Lagrangian of the dis
rete system is given by:
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(b) Derive the Lagrange equations for the 
oordinates �

n

(t).

(
) Considered on a ma
ros
opi
 length s
ale L = Na� a the latti
e 
an be viewed as a 
ontin-

uous system, i.e. a 
an be viewed as being in�nitesimal 
ompared to L. The 
orresponding


ontinuum limit is given by �

n

(t)!

p

a �(x; t)j

x=na

, where �(x; t) 2 [0; L℄ is a smooth fun
-

tion des
ribing the latti
e 
u
tuations. Taylor expand in \a" up to the �rst non-vanishing

order a

p

(p > 0) to prove that:
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� the Lagrange equations derived in (b) be
ome m
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�(x; t) = 0 ,

where �

t

� �=�t and �

x

� �=�x .

(d) Show that the latter equation of motion 
oin
ides with the Euler-Lagrange equation of the


ontinuous system.

(e) What are the solutions of this equation going to des
ribe?

(f) Determine the Hamiltonian density of the 
ontinuous system.

Exer
ise 2 : Free ele
tromagneti
 theory (dealing with Minkowski indi
es)

Solve exer
ise 2.1(a) from Peskin and S
hroeder. Additional hints:

� Use that

�

ijk

=

8

<

:

+1 if (i; j; k) = even permutation of (1,2,3)

� 1 if (i; j; k) = odd permutation of (1,2,3)

0 else

;

so �

ijk

�

ijl

= 2Æ

kl

with summation over i and j implied.

� From this de�nition it follows that (~a�

~

b)

k

= �
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for the 
ross produ
t (= ve
tor produ
t)

of two three-dimensional ve
tors ~a and

~

b . Again summation over i and j is implied here.

� Two of the four Maxwell equations follow from the general form of F

��

, i.e. F
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= �
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rather than from the equations of motion.
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