
Quantum Field Theory Exer
ises week 2

Exer
ise 2 (
ontinued)

Complete exer
ise 2.1 from Peskin and S
hroeder. Don't forget to use the additional hints given in

last week's exer
ises.

Exer
ise 3 : A free 
omplex s
alar doublet (example of extended gauge symmetries)

Consider the free quantum �eld theory for two 
omplex-valued s
alar �elds �

1

(x) and �

2

(x) with

the same mass. The Lagrangian of this theory is given by
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This free quantum �eld theory resembles the one for a doublet of Higgs �elds. It is easiest to analyze

this theory by 
onsidering �

1;2

(x) and �

�

1;2

(x) as basi
 dynami
al variables, rather than the real

and imaginary parts of �

1;2

(x).

(a) Find the equations of motion for �

1;2

(x) and �

�

1;2

(x).

(b) Determine the 
onjugate momenta belonging to �

1;2

(x) and �

�

1;2

(x), indi
ating these 
onju-

gate momenta by �

1;2

(x) and �

�

1;2

(x) respe
tively.

(
) Show that the Hamiltonian is given by
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(d) View the �elds �

1;2

as being 
omponents of a ve
tor

~

� and rewrite the Lagrangian in terms

of this ve
tor. Then show that the Lagrangian is invariant (i.e., does not 
hange) under the


ontinuous transformation

~

�(x) ! exp(i�)

~

�(x) (� 2

IR

independent of x) :

This is 
alled a global U(1) transformation, where global refers to the fa
t that � is inde-

pendent of x and U(1) indi
ates that all �elds are multiplied by a phase fa
tor.

Determine the 
orresponding 
onserved Noether 
urrent and 
harge.

Hint: please keep a 
lose eye on the order of the ve
tors, with row ve
tors having to pre
ede


olumn ve
tors in expressions that do not have open indi
es. This notion will serve you well

at a later stage.

(e) Show that the Lagrangian is invariant under the 
ontinuous global SU(2)-transformations

~

�(x) ! exp(i�

k

�

k

)

~

�(x) (�

1;2;3

2

IR

independent of x) ;

with �

k

the hermitian Pauli matri
es and with summation over k = 1 ; 2 ; 3 implied.

Determine the 
orresponding three 
onserved Noether 
urrents and 
harges.

Hint: this time also the matri
es should a
t on the ve
tors from the 
orre
t side (i.e. from the

left on 
olumn ve
tors and from the right on row ve
tors).
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