
Quantum Field Theory: Tutorial #11 Solutions

Solution 14 (cont’d):

(c) Infinitesimal Lorentz transformation of a scalar field (see page 11 of the lecture notes) :

φ(x) → φ′(x) = φ(Λ−1x) ≈
(

1−
i

2
ωµνJ

µν
)

φ(x) ,

where the six generators of the Lorentz group are Jµν = i (xµ∂ν − xν∂µ).

They satisfy the fundamental commutation relations

[Jµν , Jρσ ] = − [xµ∂ν − xν∂µ, xρ∂σ − xσ∂ρ] = i (gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ) ,

which can be verified by straightforward calculation.

(d) According to Dirac’s trick, Sµν = i
4
[γµ, γν ] form a representation of Jµν :

by using {γµ, γν} = 2gµνIn one can rewrite Sµν = i
2
(γµγν − gµνIn) = −Sνµ and obtain

[Sµν , Sρσ] = − 1
4
[ γµγν − gµνIn , γ

ργσ − gρσIn ] = − 1
4
[γµγν , γργσ] . With the help of

γµγνγργσ = − γµγργνγσ + 2gνργµγσ = . . .

= + γργσγµγν + 2gνργµγσ − 2gνσγµγρ + 2gµργσγν − 2gµσγργν

one indeed arrives at the fundamental commutation relation

[Sµν , Sρσ] = i (gνρSµσ + gµρSσν − gνσSµρ − gµσSρν)

= i (gνρSµσ − gµρSνσ − gνσSµρ + gµσSνρ) .

(e) The infinitesimal Lorentz transformations of four-vectors as derived in parts (a) and (b) can

be written as

V α → V ′α = (gαβ + ωα
β)V

β =
[

gαβ −
i

2
ωµν(J

µν)αβ
]

V β ,

with (Jµν)αβ = i (gµαgνβ − gµβg
να) the six generators of the Lorentz group for four-vectors.

Indeed one finds:

[Jµν , Jρσ]αβ = (Jµν)αγ (J
ρσ)γβ − (Jρσ)αγ (J

µν)γβ

= − (gµαgνγ − gµγ g
να) (gργgσβ − gρβg

σγ) + (µν ↔ ρσ)

= i (gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ)αβ .
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Quantum Field Theory: Tutorial #11 Solutions

Solution 15:

The commutation relations for the generators of the Lorentz group are:

[Jµν , Jρσ] = i (gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ) . (1)

(a) Rotations: Lj ≡ 1
2
ǫjklJkl for j = 1, 2, 3

with Jmn = 1
2
(δmkδnl − δmlδnk)Jkl = 1

2
ǫjmnǫjklJkl = ǫmnjLj .

Boosts: Kj ≡ J0j for j = 1, 2, 3.

Infinitesimal Lorentz transformation for the field Φ: Φ → Φ′ = ( I − i~θ · ~L− i~β · ~K )Φ.

We use eq. (1) to show that

⋆ [Lj , Lk] = 1
4
[ǫjmnJmn, ǫkrsJrs] = i

4
ǫjmnǫkrs

(

− δnrJms + δmrJns − (r ↔ s)
)

= − i
2
ǫjmn (ǫknsJms − ǫkmsJns) = i ǫjmnǫkmsJns = i (δjkδns − δjsδkn)Jns

= − iJkj = iJ jk = i ǫjklLl.

[Lj ,Kk] = 1
2
[ǫjmnJmn, J0k] = i

2
ǫjmn (δnkJm0 − δmkJn0) = i ǫjmkJm0 = i ǫjklK l.

[Kj ,Kk] = [J0j , J0k] = − iJ jk = − i ǫjklLl.

⋆ J j
± ≡ 1

2
(Lj ± iKj)

⇒ [J j
± , Jk

∓] =
1
4

(

[Lj , Lk]± i [Kj , Lk]∓ i [Lj ,Kk] + [Kj,Kk]
)

= 0 and

[J j
± , Jk

±] =
1
4

(

[Lj , Lk]± i [Kj , Lk]± i [Lj ,Kk]− [Kj,Kk]
)

= i
2
ǫjklLl ∓ 1

2
ǫjklK l

= i ǫjklJ l
±.

Hence, ~J+ commutes with ~J− and they fulfill separately the angular momentum commutator

algebra. The finite-dimensional irreducible representations of the Lorentz group are therefore

labeled by a pair of integers or half integers (j+, j−), corresponding to pairs of representations

of the rotation group with angular momentum quantum numbers j±.

(b) Φ → Φ′ = ( I − i~θ · ~L− i~β · ~K )Φ =
[

I − (~β + i~θ ) · ~J+ − (− ~β + i~θ ) · ~J−
]

Φ .

• j+ = 1

2
, j− = 0 representation: ~J+ = ~σ/2 and ~J− = ~0 ⇒ Φ is a 2-component field

with transformation property Φ → Φ′ = (I2 − i~θ · ~σ/2− ~β · ~σ/2)Φ.

• j− = 0 , j+ = 1
2

representation: ~J+ = ~0 and ~J− = ~σ/2 ⇒ Φ is a 2-component field

with transformation property Φ → Φ′ = (I2 − i~θ · ~σ/2 + ~β · ~σ/2)Φ.

Here we recognize the transformation properties of the two-dimensional left- and right-handed

Weyl spinors, which represent the two two-dimensional irreducible representations of the

Lorentz group. Both Weyl spinors can be combined to form the Dirac representation of the

Lorentz group (which is not irreducible).
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Quantum Field Theory: Tutorial #11 Solutions

Solution 16:

Basic properties of the Dirac matrices γµ for µ = 0, 1, 2, 3 and γ5 = iγ0γ1γ2γ3 :

1) {γµ, γν} = 2gµνI4, especially (γ0)2 = − (γ1)2 = − (γ2)2 = − (γ3)2 = (γ5)2 = I4 ,

2) {γµ, γ5} = 0 ,

3) (γµ)† = γ0γµγ0 and (γ5)† = γ5 .

(a) Step 1: insert I4 = (γ5)2 ; step 2: anticommute one of the (γ5)’s to the other side of the trace,

an odd number of anticommutations provides a ‘−‘ sign; step 3: use the cyclic property,

i.e. Tr(ABC) = Tr(CAB). All together

Tr(γµ1 . . . γµ2n+1)
step 1
==== Tr(γµ1 . . . γµ2n+1γ5γ5)

step 2
==== −Tr(γ5γµ1 . . . γµ2n+1γ5)

step 3
==== −Tr(γµ1 . . . γµ2n+1γ5γ5)

eq.1)
==== −Tr(γµ1 . . . γµ2n+1) = 0,

because the only complex number that is equal to its negative is 0.

Consequence: Tr(γµ1 . . . γµ2n+1γ5) = 0 since it also involves an odd number of γ-matrices.

(b) As in part (a), Tr(γ5) = Tr(γ5γ0γ0) = −Tr(γ0γ5γ0) = −Tr(γ5γ0γ0) = −Tr(γ5) = 0

and Tr(γµγνγ5) = ±Tr(γµγνγ5(γ?)2) = ∓Tr(γ?γµγνγ5γ?) = −Tr(γµγνγ5) = 0, where by

γ? we mean any of the γ-matrices that has an index that is different from µ and ν.

(c) Use here repeatedly γµ1γµ2 = {γµ1 , γµ2} − γµ2γµ1 = 2gµ1µ2I4 − γµ2γµ1 :

Tr(γµ1γµ2γµ3 . . . γµ2n) = 2gµ1µ2Tr(γµ3 . . . γµ2n)− Tr(γµ2γµ1γµ3 . . . γµ2n) = · · · =

2gµ1µ2Tr(γµ3 . . . γµ2n)− 2gµ1µ3Tr(γµ2γµ4 . . . γµ2n) + · · · − Tr(γµ2γµ3 . . . γµ2nγµ1)

⇒ Tr(γµ1γµ2 . . . γµ2n) =
n
∑

k=2

(−1)kgµ1µkTr(γµ2 . . . γµk−1γµk+1 . . . γµ2n) .

(d) Consequence: Tr(γµγν) = gµνTr(I4) = 4gµν as well as

Tr(γµγνγργσ) = gµνTr(γργσ)− gµρTr(γνγσ)+ gµσTr(γνγρ) = 4(gµνgρσ − gµρgνσ + gµσgνρ) .

(e) Take (µνρσ) 6= permutation of (0123), then two indices are equal and γµγνγργσ can be written

as a product of two Dirac matrices (e.g. γµγνγργσ = ± γργσ if µ = ν) . As Tr(γµγνγ5) = 0,

Tr(γµγνγργσγ5) = 0 if (µνρσ) 6= permutation of (0123) .

If (µνρσ) = (0123) then Tr(γµγνγργσγ5) = Tr(γ0γ1γ2γ3γ5) = − iTr(γ5γ5) = − 4i .

By permutation of these results one obtains

Tr(γµγνγργσγ5) = − 4iǫµνρσ ,

which can be obtained by interchanging the γ-matrices in order to bring them in the γ0γ1γ2γ3

order, producing a − sign at each interchange.
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