Quantum Field Theory: Tutorial #12 Solutions

Solution 17:

Consider the free Dirac Lagrangian, which can be written in components as
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Euler-Lagrange equation for ¢ (z):
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= = %[ (0, —m)e(z)], =0 = [((v"8, —m)y(z)], = 0.
Euler-Lagrange equation for (z):

Oy Z% i(y0y* ab"‘mZ"/Ja = [9(2)(i7" B, +m)], = 0.

As 0,0 =0, the factors e @ transforming ¢* and e'® transforming 1 cancel each other in L.
So, the free Dirac Lagrangian has a symmetry under global phase transformations (= global

U(1) gauge transformations). This gives rise to the following conserved Noether current:
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which equals the Dirac vector current (up to a sign). Here we used that

pp(z) = ep(x) & Yo(x) + alivy(z)] = Yo(x) + aley(z).

Since OL/9(0,¢p(x)) represents a row vector and Awy(z) a column vector, we can derive

the Noether current directly in spinor form:
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As m = 0 only the term with 4%y* in the Lagrangian remains. Commuting the v5-exponential
with 7° gives one ‘-* sign in the exponent, with v# again another one, and therefore the factors
cancel as in case (b) above. Note that this is not the case for the mass term: it only involves

4% and hence flips the sign of the exponent. The additional Noether current for m = 0 reads
“2) =D 5o > M’b Z% ab [ ()] = —P(2)y"%Y(2)
b 9(0un())

which equals the Dirac axial vector current (up to a sign).
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{ Ex. 19
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