
Quantum Field Theory: Tutorial #13 Solutions

Solution 20:

Notation: in â

s

~p

the label s labels the spin quantum number and ~p the three-momentum. All

�elds used in this exer
ise are free �elds, i.e. they would be intera
tion-pi
ture �elds in 
ase of an

intera
ting theory.

The positive frequen
y part

^

 

+

(x) 
ontains â

s
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and the negative frequen
y part

^

 

�
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. Therefore, all anti
ommutators vanish
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ept f
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�

b

(y)g and f

^
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+

b

(y);

^

 

�

a

(x)g , where a and b are spinor indi
es.
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�
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�
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�
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Sin
e f

^

 

+

a

(x);

^

 

�

b

(y)g = f

^
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+

a

(x);

^

�

 

�

b

(y)g = 0, one has
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(x)
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(y) =

^
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(x)

^

�

 

b

(y) = 0 :

The proof of Wi
k's theorem follows the steps outlined on p. 38 and 39 of the le
ture notes with

^

�

j

representing a fermioni
 �eld at the spa
etime point x

j

, i.e. either

^

�

j

=

^

 

a

j
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�
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j

) .

Sin
e inter
hanging two �elds now generates a minus sign, the di�eren
es to the s
alar 
ase are
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where we have used that N(
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For the four-point Green's fun
tion this implies:
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;

where only fully 
ontra
ted terms 
ontribute and the minus sign originates from Fermi statisti
s.
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Solution 21:

Let's 
onsider a fermioni
 theory with Lagrangian

L(x) =

�

 (x)(i


�

�

�

�m

 

) (x) +

1

2

�

�

�

�(x)

��

�

�

�(x)

�

�

1

2

m

2

�

�

2

(x) � g

�

 (x)� (x)�(x) ;

with � a spe
i�
 4� 4 matrix, �(x) a real s
alar �eld and  (x) a Dira
 �eld. This gives rise to

the following intera
tion term in the Hamilton operator:

^

H

int

= g

R

d~x

^

�

 (x)�

^

 (x)

^

�(x).

(a) We �rst derive the Euler-Lagrange equations for all three �elds:

�
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�
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�
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�

(i

�

 


�

) +m

 

�

 + g

�
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�
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�
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�
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�
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�

�

 

= �

�

(0)� (i
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) + g� � = � (i
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= �
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�

 � = (�+m

2

�

)�+ g

�

 � = 0 :

(b) We know that the a
tion has mass dimension 0, i.e. [S℄ = 0. Therefore we have

h

R

d

4

xL

i

= 0 ) [L℄ = 4 :

Furthermore, we know that

[m

 

℄ = [m

�

℄ = [�

�

℄ = 1 :

This leads to the following mass dimensions for the remaining obje
ts:

[�℄ =

4� 2

2

= 1 ; [ ℄ =

�

�

 

�

=

4� 1

2

=

3

2

and [g℄ = 4� 2 �

3

2

� 1 = 0 :

Hen
e, g is a dimensionless 
oupling 
onstant in four spa
etime dimensions! So, we anti
ipate

to be dealing with a renormalizable theory.

(
) The non-intera
ting (intera
tion pi
ture) �eld

^

 

I

(x) 
ontains the operators â

~p

;

^

b

y

~p

, while

^

�

 

I

(x) 
ontains the operators â

y

~p

;

^

b

~p

. This implies that
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sin
e in both 
ases the two sets of operators 
ontained in the two �elds anti
ommute and

therefore annihilate the va
uum j0i or h0j .

(d) Next we want to determine
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H
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to �rst order in the 
oupling 
onstant g . Expanding the time-ordered produ
t up to �rst
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order in the intera
tion and applying Wi
k's theorem, we �nd

h0jT
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�
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^
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^
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�
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d
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^
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1 : +

2 : +

Note that the lowest-order term in the expansion vanishes, be
ause it is a produ
t of three

�elds and therefore 
annot be fully 
ontra
ted. Furthermore, we used that 
ontra
tions of

^

 

with

^

 vanish, just like 
ontra
tions of

^

�

 with

^

�

 (in a

ordan
e with part d).

Next, we should repla
e 
ontra
tions by propagators. The fermioni
 propagator is de�ned as

the following 
ontra
tion:

[S

F

(x� y)℄

ab

=

^

 

a

I

(x)

^

�

 

b

I

(y) = �

^

�

 

b

I

(y)

^

 

a

I

(x) :

Therefore, the propagator pi
ks up an additional minus sign if the order of the two �elds is

inter
hanged. Altogether, we �nd for the O(g) terms:

+ ig

Z

d

4

z D

F

(x

3

� z)

X


;d

[S

F

(x

1

� z)℄

a


�


d

[�S

F
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2
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� ig [S

F
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1

� x

2

)℄
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Z

d

4

z D

F
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3

� z)

X
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�


d

[�S

F

(z � z)℄

d


= � ig

Z

d

4

z D

F

(x

3

� z) [S

F

(x

1

� z)�S

F

(z � x

2

)℄

ab

+ ig [S

F

(x

1

� x

2

)℄

ab

Z

d

4

z D

F

(x

3

� z)Tr

�

�S

F

(z � z)

�

:

Diagrammati
ally this 
an be represented by

x

3 z

x

2

b

x

1

a

+

x

2

b

x

1

a

x

3 z

Note that the analyti
 expressions ni
ely 
on�rm the Feynman rules for fermion loops, for

the vertex in the Yukawa theory and for the various aspe
ts of the arrow 
onvention!

(e+f) The lowest-order s
attering amplitude iM

LO

�

�

 (k

A

; s

A

)

�

 (k

B

; s

B

) !

�

 (p

1

; r

1

)
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 (p

2

; r

2

)

�

is

Page 3 of 5



Quantum Field Theory: Tutorial #13 Solutions

given by

iM =

p

1

p

2

k

A

k

B

+

p

2

p

1

k

A

k

B

� iM

1

+ iM

2

= � (�ig)

2

i

 

[ �v

s

A

(k

A

)�v

r

1

(p

1

)℄ [ �v

s

B

(k

B

)�v

r

2

(p

2

)℄

(k

A

� p

1

)

2

�m

2

�

+ i�

� (p

1

; r

1

)$ (p

2

; r

2

)

!

:

The �rst of these 
ontributions 
orresponds to the 
ontra
tions

0

h~p

1

~p

2

j

Z

d

4

x

^

�

 

I

(x)�

^

 

I

(x)

^

�

I

(x)

Z

d

4

y

^

�

 

I

(y)�

^

 

I

(y)

^

�

I

(y) j

~

k

A

~

k

B

i

0

2 : �

1 : +

3 : +

4 : +

and the se
ond one to the 
ontra
tions

0

h~p

1

~p

2

j

Z

d

4

x

^

�

 

I

(x)�

^

 

I

(x)

^

�

I

(x)

Z

d

4

y

^

�

 

I

(y)�

^

 

I

(y)

^

�

I

(y) j

~

k

A

~

k

B

i

0

:

1 : +

2 : +

3 : +

4 : +

As expe
ted from Fermi statisti
s, the two diagrams have a relative minus sign as a result of

the inter
hange of the two identi
al �nal-state antifermions.

(g) For � = I

4

the one-loop 
ontribution to the self-energy of a s
alar boson with arbitrary

momentum p is given as follows:

� i�

�

(p

2

)

one-loop

=======

p

`

1

`

1

+ p

p

= � (�ig)

2

i

2

Z

d

4

`

1

(2�)

4

Tr

�

[

=

`

1

+m

 

℄ [

=

`

1

+

=

p+m

 

℄

�

[`

2

1

�m

2

 

+ i�℄ [(`

1

+ p)

2

�m

2

 

+ i�℄

:

Note that the �rst minus sign and the tra
e appear be
ause we are dealing with a fermion

loop. We 
an now evaluate the tra
e with the identities that we found in exer
ise 16. Re
all

that the tra
e over an odd number of gamma matri
es vanishes, and that

Tr(I

4

) = 4 and Tr(


�




�

) = 4g

��

:

We then �nd for the tra
e

Tr

�

=

`

1

(

=

`

1

+

=

p) +m

 

(2

=

`

1

+

=

p) +m

2

 

�

= 4

�

`

1

� (`

1

+ p) +m

2

 

�

;

giving us the desired result.
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(h) Consider an arbitrary 1-parti
le irredu
ible amputated loop diagram in the Yukawa theory

with N

F

external fermions, N

B

external bosons, P

F

fermion propagators, P

B

boson propa-

gators, V verti
es, and L loop momenta:

{ two fermions and one boson meet in ea
h vertex, ea
h external line is 
onne
ted to one

vertex and ea
h propagator is 
onne
ted to two verti
es or to the same vertex twi
e:

2V = N

F

+ 2P

F

; V = N

B

+ 2P

B

;

whi
h implies that N

F

is always even and

P

F

= V �

1

2

N

F

; P

B

=

1

2

(V �N

B

) ;

{ as usual L = P � V + 1, with P the total number of propagators, i.e.

L = (P

F

+ P

B

)� V + 1 =

1

2

(V �N

F

�N

B

) + 1 ) L � 1 if V � N

B

+N

F

:

Naive power 
ounting tells us that ea
h loop momentum yields �

4

, ea
h boson propagator

yields �

�2

, and ea
h fermion propagator �

�1

, as long as we are working in four spa
etime

dimensions. Therefore the super�
ial degree of divergen
e of the 
onsidered loop diagram

equals

D = 4L� 2P

B

� P

F

= 4�

3

2

N

F

�N

B

:

Sin
e D is independent of V , divergen
es (i.e. D � 0) 
an o

ur at all loop orders, but

there is only a �nite number of divergent amplitudes (i.e. amplitudes with N

F

= 0 ; N

B

� 4

or N

F

= 2 ; N

B

� 1). As anti
ipated, the Yukawa theory is indeed renormalizable in four

spa
etime dimensions!

(i) The super�
ially divergent 1-parti
le irredu
ible one-loop diagrams 
an be divided into two


ategories. The one involving a fermion loop and one, two, three or four external boson lines:

, , ,

and the one with two external fermion lines and either zero or one external boson line:

,

The �rst divergen
e 
an be absorbed by shifting the s
alar �eld. The self-energy diagrams in

both sets 
an be renormalized by applying mass and wave-fun
tion renormalization to the free

s
alar/Dira
 parts of the Langrangian. The divergen
e in the last diagram 
an be absorbed

into the 
oupling 
onstant g . The odd ones out are the last two diagrams in the �rst set. In

order to renormalize the asso
iated divergen
es expli
it triple and quarti
 s
alar intera
tions

have to be added as 
ounterterms to the Lagrangian, whi
h suÆ
es to absorb all divergen
es!
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